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ABSTRACT: The effects of chemical crosslinking on the thermal and dynamic mechan-
ical properties of a polyurethane system were examined. The polyurethanes were
prepared from poly(propylene glycol), a diol; trimethylolpropane propoxylate, a triol;
and poly(propylene glycol), tolylene 2,4-diisocyanate terminated, a diisocyanate mono-
mer. The crosslink density was controlled by varying the triol concentration from 10 to
70 mol % and the isocyanate-to-hydroxyl (NCO/OH) ratio from 1.0 to 1.3. All the
samples had one glass-transition temperature and no crystalline regions. In addition,
there were larger increases in glass-transition temperature over the range of triol
concentrations studied than over the range of NCO/OH ratios studied. For all samples,
the Dibenedetto equation relating glass-transition temperature to extent of crosslink-
ing fit the data very well. Also, samples with higher crosslink densities had much larger
elastic moduli for temperatures above the glass-transition temperature. By assuming
the system was a phantom network, approximate crosslink densities for stoichiometric
samples were obtained from the dynamic mechanical data and these agreed fairly well
with theoretical predictions. © 2002 John Wiley & Sons, Inc. J Appl Polym Sci 83: 212–223,
2002
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INTRODUCTION

Polyurethane elastomers have a wide range of
material properties attributed to the large variety
of possible morphologies that may exist in the
polymers. These morphologies are partly con-
trolled by the presence of physical and chemical
crosslinks. In some systems, both types of
crosslinks may be present. Physical crosslinking
occurs by hydrogen bonding and hard domain for-
mation. Domain formation develops because the
soft segments consisting of the polyols are incom-
patible with the hard segments containing the
diisocyanate part. These two types of segments
phase separate and hydrogen bonding may occur

between or within the segments. The hard seg-
ments act as both physical crosslinks and fillers.1

In some cases, crystalline regions may form in the
hard and soft domains. Chemical crosslinking can
be introduced into the system in many ways, but
common methods include using a triol or higher-
functional polyol and having the isocyanate-to-
hydroxyl (NCO/OH) ratio greater than 1. In these
nonstoichiometric samples, the excess isocyanate
groups react with urethane groups to form allo-
phanate linkages.1

Various studies have examined the effects of
chemical crosslinking on the material properties
of polyurethane elastomers. Many of these stud-
ies have focused on the tensile properties of the
polymers.2–13 In addition, the effects of crosslink-
ing on swelling,2,3,5,8,9,11–13 thermal degrada-
tion,6,10,12 thermal properties,5,9–12 and morphol-
ogy10,12,13 have been examined. The chemical
crosslinks have been introduced into the samples
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in a variety of ways. Some systems contain triols
or higher-functional polyols,2–7,12 isocyanates
with functionalities greater than two,8,11

NCO/OH ratios greater than 1,4,6,7,9,12 or combi-
nations thereof.4,6,7,12

In this study we characterize the effects of
chemical crosslinking on the thermal and dy-
namic mechanical properties of a polyurethane
system. The polyurethane is to be used as the
matrix for tubule composites, and is prepared
from a diol, a triol, and a diisocyanate monomer.
We controlled the crosslink density by varying the
triol concentration and the NCO/OH ratio in the
system. We focus on examining the effects of
crosslinking on the glass-transition temperature
and the elastic modulus of the samples.

EXPERIMENTAL

Sample Preparation

The polyurethane formulations were prepared
from a diol, a triol, and a diisocyanate monomer.
The diol was poly(propylene glycol), with a molec-
ular weight of 425, and the triol was trimethylol-
propane propoxylate, with a molecular weight of
308. Both alcohols were dried by heating them at
60°C in a vacuum oven. Poly(propylene glycol)
was dried for 5 h, whereas trimethylolpropane
propoxylate was dried for 3 h. The diisocyanate
monomer used was poly(propylene glycol),
tolylene 2,4-diisocyanate terminated, with a mo-
lecular weight of 1000. It was used as received.
Both the alcohols and the diisocyanate monomer
were obtained from Sigma–Aldrich (St. Louis,
MO). Their chemical structures are shown in Fig-
ure 1. The crosslink density of the samples can be
controlled by varying the triol concentration and
the NCO/OH ratio. The triol concentration was
varied from 10 to 70 mol % of the total hydroxyl
groups, whereas the NCO/OH ratio was varied
from 1.0 to 1.3. In addition to the monomers, the
formulations contained a catalyst, dibutyltin di-
laurate; a plasticizer, dibutyl adipate; and a com-
mercial antifoaming agent, AF-4. The concentra-
tions of catalyst, plasticizer, and antifoaming
agent were 0.50, 2.0, and 0.30 wt %, respectively.
All concentrations were based on the weight of
the monomers. The AF-4 was obtained from BJB
Enterprises (Tustin, CA); the catalyst and plasti-
cizer were obtained from Sigma–Aldrich.

The formulations were prepared by the one-
shot method, where all the ingredients were
mixed together at once and allowed to cure. The

samples were vigorously stirred by hand for sev-
eral minutes and then placed in polystyrene
weighing dishes. Each dish was coated with a
silicone release agent (Ease Release 400; BJB
Enterprises), so that the sample could be readily
separated from the dish. The samples were then
degassed in a vacuum oven at 25°C for several
hours. They were taken out of the oven and cured
in the atmosphere for at least 2 days. Finally, the
samples were placed back in the oven and cured
at 60°C for an additional 24 h.

Differential Scanning Calorimetry

A Perkin–Elmer differential scanning calorimeter
(DSC 7; Perkin Elmer Cetus Instruments, Nor-
walk, CT) was used to determine the thermal
transitions of the polyurethane samples. Samples
weighing approximately 20 mg were scanned at a
rate of 10°C/min from 260 to 90°C. The samples
remained in a nitrogen atmosphere during the
course of the experiments. Two scans were per-
formed for each sample with the second scan used
in the data analysis.

Dynamic Mechanical Analysis

A TA Instruments dynamic mechanical analyzer
(DMA 2980; TA Instruments, New Castle, DE) was
used to measure the dynamic mechanical properties
of the samples. The samples were cut into 10-mm-
wide by 4-mm-thick strips and placed in a 35-mm-
long dual cantilever. A temperature ramp test was

Figure 1 Chemical structures of the diol, triol, and
diisocyanate monomer.
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performed to determine the elastic modulus E9 and
the viscous modulus E0, for a temperature range of
2110 to 70°C. The frequency of the test was 1 Hz
and the temperature scanning rate was 2°C/min.
The elastic modulus measures the amount of en-
ergy stored per oscillation cycle, whereas the vis-
cous modulus measures the amount of energy dis-
sipated per cycle. For stoichiometric samples, the
temperature range was extended to 105°C to deter-
mine the plateau modulus.

Fourier Transform Infrared Spectroscopy

A Nicolet Magna 750 Fourier transform infrared
(FTIR) spectrometer (Nicolet Instruments, Madi-
son, WI) with a DTGS-KBR detector was used to
monitor the polyurethane reaction. The precure
formulation was sandwiched between two BaF2
crystals along with a 50-mm Teflon spacer. The
sample was allowed to cure in air for several days.
It was then placed in an oven and cured at 60°C
for 24 h. The asymmetric stretching vibration of
the NCO group at 2270 cm21 was used to deter-
mine the completeness of the cure.

RESULTS AND DISCUSSION

Effects of Crosslinking on Glass-Transition
Temperature

All the polyurethane samples exhibited one glass-
transition temperature (Tg) over the temperature
range studied. Figure 2 shows three representa-

tive DSC scans for samples with an NCO/OH
ratio of 1.0 and various triol concentrations. The
single Tg for each sample suggests that there may
not be any phase separation into soft and hard
domains, which occurs for other polyurethane
elastomers.1 In addition, no endothermic peaks
appear in the scans, indicating that crystalline
regions do not exist in our samples. Both phase
separation and crystalline formation may have
been inhibited by the presence of chemical
crosslinks. The DSC scans also show that as the
concentration of triol increases, the glass-transi-
tion shifts to higher temperatures. This is attrib-
uted to the increase in crosslink density that re-
stricts the molecular motion of the polymer
chains and leads to the increase in Tg.

The glass-transition temperatures increased
for higher triol concentrations and larger
NCO/OH ratios. This is shown in Figure 3 where
we plot the samples’ Tg’s as a function of triol
concentration for various NCO/OH ratios. The
glass-transition temperature increased about
7–11°C for an increase in the triol concentration
from 10 to 70 mol %. Similarly, the Tg’s increased
about 2–5°C for an increase in NCO/OH ratio
from 1.0 to 1.3. This seems to indicate that we
examined a wider range of crosslink densities
when we varied the triol concentration from 10 to
70 mol % than when we varied the NCO/OH ratio
from 1.0 to 1.3. In fact, the incremental increase
in Tg obtained by varying NCO/OH from 1.0 to 1.3
corresponded to approximately the same increase
in Tg found by varying triol concentration from 10

Figure 2 Three DSC scans for samples with an NCO/OH ratio of 1.0 and three triol
concentrations.
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to 40 mol %. However, direct comparison of Tg and
crosslink density between stoichiometric and non-
stoichiometric samples may not be appropriate.
In nonstoichiometric samples, excess diisocya-
nates react with urethane groups to form allo-
phanate linkages,1 which may not be present in
stoichiometric samples. Therefore, in addition to
the crosslink density, the effect of allophanate
groups on Tg for nonstoichiometric samples needs
to be considered before comparisons can be made.

Various theories have been proposed to account
for the effects of crosslinking on the glass-transi-
tion temperature of polymers.14–17 One such the-
ory resulted in Dibenedetto’s equation relating
glass-transition temperature and extent of
crosslinking14:

Tg 2 Tg0

Tg0
5

S Ex

Em
2

Fx

Fm
DXc

1 2 S1 2
Fx

Fm
DXc

(1)

where Tg (K) is the glass-transition temperature;
Tg0 (K) is the glass-transition temperature of a
polymer with the same chemical composition as
the crosslinked polymer, but without the
crosslinks; Ex/Em is the ratio of the lattice ener-
gies for crosslinked and noncrosslinked polymers;
Fx/Fm is the ratio of the segmental mobilities of
the crosslinked and noncrosslinked polymers; and
Xc is the mole fraction of monomer units that are
crosslinked in the polymer. The copolymer effect

on Tg ascribed to the crosslinking agent has been
accounted for in Tg0, so eq. (1) predicts only the
shift in Tg associated with crosslinking. For most
polymers, the mobility of crosslinked units is es-
sentially zero, so Fx/Fm can be set equal to zero.14

Rearranging eq. (1), we obtain

Tg 5 KTg0

Xc

1 2 Xc
1 Tg0 (2)

where K contains the lattice energy terms. A plot
of Tg as a function of Xc/(1 2 Xc) should result in
a straight line. Such a plot for all samples is
shown in Figure 4. We determine Xc in the stoi-
chiometric samples by calculating the mole frac-
tion of triol crosslinkers and in the nonstoichio-
metric samples by assuming all the excess diiso-
cyanate monomers become crosslinkers. In these
calculations, we assume complete conversion of
the reactants. The data for all samples indicate a
good fit to the Dibenedetto equation. The assump-
tion that complete conversion of reactants oc-
curred may not be entirely accurate, although
FTIR data do show that the samples achieved
very high conversions. The FTIR spectra, shown
in Figure 5 for a sample (70 mol % triol with
NCO/OH 5 1.3) before and after curing, indicated
that most of the diisocyanate groups reacted dur-
ing the polymerization. The isocyanate (NCO)
group at 2270 cm21 has a large absorbance before
curing, but decreases to almost zero absorbance
after curing. In addition to incomplete conversion

Figure 3 Glass-transition temperatures (Tg’s) as a function of triol concentration for
various NCO/OH ratios. The standard deviations generally lie between 0.5 and 1.0°C.
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of reactants, possible side reactions, such as the
reaction of diisocyanate with moisture in the air,
might have occurred. However, these factors do
not appear to have a significant effect on the
Dibenedetto plot.

Effects of Crosslinking on Dynamic Mechanical
Properties

The polyurethane samples display dynamic me-
chanical behavior characteristic of elastomers.

The samples’ glass-transition temperatures are
below room temperature and their elastic moduli
eventually reach a plateau at higher tempera-
tures. Figure 6 shows the dynamic mechanical
behavior of a typical sample with a plot of the
elastic modulus (E9), viscous modulus (E0), and
loss tangent (E0/E9) as a function of temperature.
In this case, the sample contains 10 mol % triol
and has an NCO/OH ratio of 1.1. At temperatures
below its glass transition, the elastic modulus
remains relatively constant and is more than an

Figure 4 Dibenedetto plot for all the samples. The data for samples with NCO/OH
ratios of 1.2 and 1.3 have been shifted along the x-axis by 0.1 to make the plot clearer.

Figure 5 FTIR spectra showing (a) precure and (b) fully cured sample containing 70
mol % triol with an NCO/OH ratio of 1.3. The asymmetric stretching vibration of the
NCO group at 2270 cm21 is used to monitor the polyurethane reaction.
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order of magnitude greater than the viscous mod-
ulus. Once the glass-transition temperature is
reached, the elastic modulus decreases rapidly as
the polymer chains begin to move. The elastic
modulus continues to decrease until it plateaus at
around 60°C. At this point, the chemical
crosslinks prevent the polymer from flowing. The
loss tangent maximum is usually used to deter-
mine the glass-transition temperature. However,
for our samples, the maxima occur at much
higher temperatures than the glass-transition
temperatures determined by DSC. The viscous
modulus maximum was also used as a measure of
glass transition. For our samples, these maxima
always appear at lower temperatures than the
loss tangent maxima, but still remain about 20–
25°C greater than the glass-transition tempera-
tures obtained from DSC.

The crosslink density of the polyurethane sam-
ples has a pronounced effect on the elastic modu-
lus at temperatures greater than the glass-tran-
sition temperature. This is shown in Figure 7,
where we plot the elastic moduli as a function of
temperature for samples with an NCO/OH ratio
of 1.2 and various triol concentrations. All the
other samples with constant NCO/OH ratios and
varying triol concentrations behave in a similar
manner, so we show only this representative plot.
Below the glass-transition temperature, all the
samples have an elastic modulus of approxi-
mately 2 3 109 Pa. Once the glass-transition tem-
perature is reached, the modulus begins to de-

crease rapidly. The modulus for samples with
lower crosslink density decreases at a lower tem-
perature and at a faster rate than the samples
with higher crosslink density. At even higher
temperatures, the modulus continues to diverge.
Over certain temperature ranges, the modulus for
the 70 mol % triol sample becomes more than an
order of magnitude greater than the modulus for
the 10 mol % triol sample.

When we varied the NCO/OH ratio instead of
the triol concentration, the differences in elastic
modulus values became smaller. This is shown in
Figure 8, where we plot the elastic modulus as a
function of temperature for samples with 55 mol
% triol and various NCO/OH ratios. The other
samples with constant triol concentrations and
varying NCO/OH ratios behaved in a similar
manner so we show only this representative plot.
The elastic modulus curves follow the same
trends as those shown in Figure 7. However, the
largest differences in modulus values over the
range of NCO/OH ratios studied were smaller
than those found over the range of triol concen-
trations studied. This indicates that varying the
NCO/OH ratios results in smaller crosslink den-
sity variations. This agrees with the DSC data,
where we found larger differences in Tg among
the samples with varying triol concentrations.

We can also determine how varying the triol
concentration and the NCO/OH ratio affects the
samples’ network structures by examining their
loss tangents. Figure 9 shows the loss tangents

Figure 6 Representative dynamic mechanical data showing elastic modulus (E9),
viscous modulus (E0), and loss tangent (tan d) as a function of temperature. The sample
contains 10 mol % triol and has an NCO/OH ratio of 1.1.
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for different triol concentrations [Fig. 9(a)] and
NCO/OH ratios [Fig. 9(b)] as a function of tem-
perature. Increasing the crosslink density affects
the loss tangent curves in three different ways.
First, the loss tangent peaks shift to higher tem-
peratures. This occurs because samples with
higher crosslink densities have higher glass-tran-
sition temperatures. Second, the loss tangent
peaks have lower values because samples with
higher crosslink densities have larger elastic

moduli relative to their viscous moduli. Third, the
loss tangent peaks become broader. This broad-
ening is attributed to an increase in the distribu-
tion of molecular weights between crosslinks or
an increase in the heterogeneity of the network
structure.18 The samples with varying triol con-
centrations [Fig. 9(a)] show more pronounced ef-
fects in their loss tangent behavior than the sam-
ples with varying NCO/OH ratios [Fig. 9(b)].
Again, this is attributed to the larger crosslink

Figure 7 Elastic modulus as a function of temperature for samples having an
NCO/OH ratio of 1.2 with varying triol concentrations.

Figure 8 Elastic modulus as a function of temperature for samples containing 55 mol
% triol with varying NCO/OH ratios.
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density variation for the samples with varying
triol concentrations.

The theoretical crosslink density for step-
growth polymers, such as polyurethane in this
study, can be determined by several methods.
Scanlan19,20 developed one method for ideal net-
works with a stoichiometric ratio of 1.0 and full
conversion of reactants. Marsh et al.21 developed
another approach, which is a modification of Flo-

ry’s theory on polymer networks. Unlike the
Scanlan method, this approach can incorporate a
nonstoichiometric ratio and incomplete conver-
sion. It involves determining the branching coef-
ficient, defined as the probability that an f-func-
tional unit is connected via a chain of difunctional
units to another f-functional unit. The network
properties, such as crosslink density, can then be
calculated from the branching coefficient and the

Figure 9 Loss tangents as a function of temperature for (a) constant NCO/OH ratio
and (b) constant triol concentration samples. For the constant NCO/OH ratio samples,
NCO/OH is 1.1. For the constant triol concentration samples, the triol concentration is
40 mol %.
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formulation properties. Three assumptions were
made when developing this model. First, all func-
tional groups of the same type have equal reac-
tivities. Second, no intramolecular reactions occur
in finite species. Third, all groups react indepen-
dently of one another. This model has been found
to work well for polyester21 and polyurethane sys-
tems.22,23 A third method for determining
crosslink density was developed by Miller and
Macosko.24 This approach can encompass more
general systems than the other two approaches.
Instead of calculating the branching coefficient,
this method involves determining the probability
that a given branch leads to a finite chain. Mate-
rial properties, such as the crosslink density, can
then be determined from this probability and the
formulation properties. This method also incorpo-
rates the same assumptions as those made by
Marsh et al. We determined the theoretical
crosslink densities for our stoichiometric samples
using all three methods. In these calculations, we
assume complete conversion of the reactants. A
sample calculation appears in the Appendix. For
stoichiometric samples at full conversion,
crosslink density functions derived from the
methods of both Marsh et al. and Miller and Ma-
cosko reduce to that of Scanlan’s method (see
Appendix).

We can obtain approximate crosslink densities
of our samples from the dynamic mechanical
data. To do this, we assume that the theory of
rubber elasticity applies to our system. One form
of this theory gives the equilibrium shear modu-
lus G as25,26

G 5 ~n 2 hm!RT (3)

where n is the concentration of elastically active
chains, h is an empirical parameter whose values
lie between 0 and 1, m is the concentration of
elastically active junctions, R is the gas constant,
and T is the temperature. In a perfect network
with functionality f, m is equal to 2n/f. We assume
that only chemical crosslinking contributes to the
modulus and neglect the contribution from phys-
ical entanglements. This assumption is valid be-
cause the monomers in our system have low mo-
lecular weights. Physical entanglements can be
accounted for by adding the term G°NTe to the
right side of eq. (3), where G°N is the plateau
modulus associated with physical entanglements
in a nonchemically crosslinked system and Te is
the proportion of physical entanglements that is
elastically active. The shear modulus from eq. (3)

can be determined for a phantom network, an
affine network, or anything in between. For a
phantom network, junctions can fluctuate about
their mean positions because of Brownian motion
and h has a value of one. For an affine network,
these fluctuations are completely suppressed and
h has a value of zero. The network properties can
be intermediate between these two types, in
which case h has a value between zero and one.
Our trifunctional polyurethane system should be-
have more like a phantom network, given that
junctions move more affinely only if they have
very high functionalities.27,28 For a trifunctional
phantom network (m 5 2n/3), the shear modulus
becomes

G 5
n

3 RT (4)

For isotropic materials, Young’s modulus E can be
related to the equilibrium shear modulus G as
follows29:

E 5 2G~1 1 n! (5)

where n is Poisson’s ratio. For elastomers, n has a
value close to 0.5.18 We can then roughly approx-
imate E9 in the rubbery plateau region as being
equal to E and solve for the crosslink density by
substituting eq. (5) back into eq. (4). The crosslink
density is then approximately equal to E9/RT.

The experimental crosslink densities for the
stoichiometric samples agree fairly well with the-
oretical predictions. This is shown in Figure 10,
where we plot crosslink density as a function of
triol concentration. We use E9 at a temperature of
100°C to determine the experimental crosslink
density. In addition to calculating crosslink den-
sities for a phantom network, we perform the
same calculations for an affine network and
present them in the same figure. In this case,
crosslink density is equal to E9/3RT and some
studies of higher functional systems have shown
good agreement between experimental and theo-
retical values.30–32 For our samples, crosslink
densities based on a phantom network appear to
be closer to theoretical predictions. The fit to the-
ory is fairly good, but disparities still exist be-
tween experiment and theory. Several factors can
account for this disparity. One factor involves set-
ting the crosslink density equal to E9/RT, which is
only a rough approximation. Also, Poisson’s ratio
for our samples may not be exactly 0.5, contrib-
uting some errors to our calculations. Another
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factor is that intramolecular and side reactions
may have taken place, resulting in an imperfect
network structure. In addition, a small amount of
plasticizer is present in our samples, which the
various theories presented here do not take into
account. Both the imperfect network structure
and the presence of plasticizers should result in
smaller experimental crosslink densities than
those predicted from theory. That is what we gen-
erally see in Figure 10.

CONCLUSIONS

All the polyurethane samples had one glass-tran-
sition temperature, indicating that phase separa-
tion did not occur. Moreover, the DSC scans
showed that no crystalline regions existed in the
samples. In addition, the glass-transition temper-
atures exhibited a larger increase over the range
of triol concentrations studied than over the
range of NCO/OH ratios studied. Part of this may
have been because of the wider variation of
crosslink densities obtained by varying the triol
concentration. For all samples, the Dibenedetto
equation fit the data very well.

The samples with higher triol concentrations
and NCO/OH ratios had greater elastic modulus
values, which is attributed to the higher crosslink
densities in those samples. In addition, we exam-
ined three different theoretical models for pre-
dicting crosslink density. If we assume full con-

version of reactants for the stoichiometric sam-
ples, all three models give the same results. We
then compared the crosslink densities determined
from the theoretical models to those obtained
from the dynamic mechanical data. By assuming
the polyurethane system can be described as a
phantom network, the experimental crosslink
densities show fairly good agreement with the
theoretical predictions.

We thank the Office of Naval Research for support of
this work and Dr. Robert F. Brady Jr. for helping with
the polyurethane formulations.

APPENDIX

We calculated the theoretical crosslink densities
for one of our polyurethane samples using meth-
ods from Scanlan,19,20 Marsh et al.,21 and Miller
and Macosko.24 The sample contained 40 mol %
triol with an NCO/OH ratio of 1.0 and the reac-
tion can be depicted as

B2 1 0.6A2 1 0.267A3

3 polyurethane network (A.1)

where B is the isocyanate group, A is the hydroxyl
group, B2 is the diisocyanate [poly(propylene gly-
col), tolylene 2,4-diisocyanate terminated], A2 is
the diol [poly(propylene glycol)], and A3 is the

Figure 10 A comparison of experimentally determined and theoretically predicted
values of crosslink density as a function of triol concentration. The data are for samples
with an NCO/OH ratio of 1.0.
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triol (trimethylolpropane propoxylate). For every
mole of B2, there are 0.6 mol of A2 and 0.4(2/3)
5 0.267 mol of A3.

Method of Scanlan

The crosslink density n was determined from19,20

n 5 O
f53

` f
2 Cf (A.2)

where f is the functionality of the reactants and Cf
is the concentration of reactant with functionality
f, expressed as moles per volume of fully cured
polymer. The functionality f is 3 or greater be-
cause species with functionalities of 2 or smaller
do not form junction points in the network. For
our sample, the triol was the only reactant with a
functionality of 3 or greater. Therefore, we can set
f 5 3 and simplify eq. (A.2) to

n 5
3nA3r

2~MB2nB2 1 MA2nA2 1 MA3nA3!
(A.3)

where nA3
is the number of moles of A3, nA2

is the
number of moles of A2, nB2

is the number of moles
of B2, MA3

is the molecular weight of A3, MA2
is the

molecular weight of A2, MB2
is the molecular

weight of B2, and r is the density of the fully cured
polymer. The density for the 40 mol % triol sam-
ple is 1.01 g/cm3. We can then solve for the
crosslink density in eq. (A.3) (MA3

5 308 g/mol,
MA2

5 425 g/mol, MB2
5 1000 g/mol) and we

obtain a value of 3.02 3 1024 mol/cm3.

Method of Marsh et al.

Marsh et al.21 explicitly derived equations for a
system containing tri-, di-, and monofunctional
(A3, A2, and A1) reactants with functionalities of A
and di- and monofunctional (B2 and B1) reactants
with functionalities of B. However, this method
can be extended to other systems. The crosslink
density can be determined from first calculating
the branching coefficient a21:

a 5
pA

2 b2a3

r 2 pA
2b2a2

(A.4)

where pA is the fraction of A reacted; b2 is the
mole fraction of B groups located on the difunc-
tional B-molecules; a3 is the mole fraction of A

groups located on the trifunctional A-molecules;
a2 is the mole fraction of A groups located on the
difunctional A-molecules; and r is the stoichio-
metric ratio, which is defined as pA/pB, where pB
is the fraction of B reacted. For our sample, r 5 1
and b2 5 1 because all the B groups are located on
B2. We also assume complete conversion, so pA
5 1. The branching coefficient then has a value of
1. We also need to determine the mass of polymer
per mole of A, W21:

W 5 a3EA3 1 a2EA2 1 a1EA1

1 rb2EB2 1 rb1EB1 (A.5)

where the E’s are the equivalent weights of the
reactants identified by the subscripts, a1 is the
mole fraction of A groups located on the mono-
functional A-molecules, and b1 is the mole frac-
tion of B groups located on the monofunctional
B-molecules. For our sample, a1 5 b1 5 0, given
that there are no monofunctional reactants. The
crosslink density can then be determined by21

n 5
a3r

2W S2a 2 1
a D 3

(A.6)

If we substitute eqs. (A.4) and (A.5) into eq. (A.6)
with all our assumptions, we obtain

n 5
a3r

2~a3EA3 1 a2EA2 1 b2EB2!
(A.7)

Equation (A.7) can be further simplified by set-
ting

a3 5 3nA3/nA EA3 5 MA3/3
a2 5 2nA2/nA EA2 5 MA2/2
b2 5 2nB2/nB EB2 5 MB2/2

where nA is the number of moles of A groups and
nB is the number of moles of B groups. Because
this is a stoichiometric sample, nB 5 nA 5 2nB2

and eq. (A.7) becomes equal to eq. (A.3). There-
fore, the Marsh et al. method is equivalent to the
Scanlan method for this sample.

Method of Miller and Macosko

One parameter we need to determine is P(FA
out),

the probability of finding a finite chain looking out
from Af, where Af is a reactant containing A
groups with functionality f. P(FA

out) can be deter-
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mined from eq. (22) of Reference 24 for our sam-
ple:

P~FA
out!2 1

a2rpA
2 2 1

a3rpA
2 P~FA

out! 1
1 2 rpA

2

a3rpA
2 5 0 (A.8)

where r is now defined as pB/pA. For our stoichi-
ometric sample (r 5 1) with full conversion (pA
5 1), P(FA

out) 5 0. Another parameter we need to
determine is P(Xm,f), the probability that an f
functional reactant has reacted m times. P(Xm,f)
can be calculated from eq. (45) of Reference 24 for
our sample:

P~X3,3! 5 S 3
3 D @1 2 P~FA

out!#3 5 1 (A.9)

where (y
x) equals x!/y!(x 2 y)! and is defined as the

number of combinations of x items taken y at a time.
The probability that A3 has reacted three times is
equal to 1. To determine the crosslink density, we
first need to determine the moles of chain ends
bound to network junctions, from which we can
determine the moles of elastically effective chains.
For our stoichiometric sample at full conversion, the
total moles of chain ends bound to network junc-
tions is just 3(nA3

)P(X3,3) 5 3(nA3
)(1) 5 3(nA3

). One
elastically effective chain has two chain ends.
Therefore, the total moles of elastically effective
chains is 3(nA3

)P(X3,3)/2. The crosslink density is
then defined as the total moles of elastically effec-
tive chains divided by the volume of the fully cured
polymer:

n 5
3nA3P~X3,3!r

2~MB2nB2 1 MA2nA2 1 MA3nA3!
(A.10)

Substituting in the appropriate values for the 40
mol % triol sample, we obtained a crosslink den-
sity of 3.02 3 1024 mol/cm3.
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